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Abstract
We study a separability problem suggested by mathematical descrip-
tion of bipartite quantum systems. We consider hermitian 2-forms on the
tensor product H = K ⊗ L, where K,L are finite dimensional complex
spaces. Such a form is called separable if it is a convex combination of
hermitian tensor products σ∗p ⊙ σp of 1-forms σp on H that are product
forms σp = ϕp ⊗ ψp, where ϕp ∈ K
∗, ψp ∈ L
∗.
We introduce an integral representation of separable forms. We show
that the integral of Dz∗Φ
∗
⊙Dz∗Φ of any square integrable map Φ : C
n
→
Cm, with square integrable conjugate derivativeDz∗Φ, is a separable form.
Conversely, any separable form in the interior of the set of such forms can
be represented in this way. This implies that any separable mixed state
(and only such states) can be either explicitly represented in the integral
form, or it may be arbitrarily well approximated by such states.
Keywords Bipartite systems, quantum states, separable states, entanglement,
hermitian forms, separability problem
1 Introduction
Notions of separability and entanglement of states of a compound quantum
system are of vital importance in quantum physics and quantum information
theory. They emerged with the discovery of the EPR effect [1], however, the
throughout analysis came much later [2, 3, 4, 5, 6]. Now the variety of theo-
retical problems where they play a central role is constantly growing (quantum
cryptography [7], quantum teleportation [8], dense coding [9], ...) and many
theoretical properties are confirmed in experiments [10, 11, 12].
Testing if a given state is separable or entangled (i.e. non-separable) seems
one of the central questions in the theory of compound systems. Given a pure
quantum state, it is easy to decide if it is separable or entangled. For mixed
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states this is not the case. At present there is no general and effective method
to check if a given mixed state is separable or entangled and the problem seems
hard [13]. The most effective neccessary condition is the partial transpose test
[4, 5], which is also sufficient in small dimensions [5].
In this work we present an indirect criterion for a mixed state of a bi-partite
system to be separable. We introduce integral representations of separable states
and prove that any state having the integral representation is separable. Vice
versa, any state in the interior of the cone of separable states can be represented
in the integral form.
To be more precise, denote H = Cm ⊗ (Cn)∗ and let dµ be the standard
Lebesgue measure in Cn ≃ R2n. With the use of identification Hom(Cn,Cm) ≃
Cm ⊗ (Cn)∗ our main results (Theorems 3.1 and 3.2) can be stated as follows.
Theorem 1.1 (a) For any square integrable map Φ : Cn → Cm having the
conjugate differential Dz∗Φ(z) ∈ H square integrable, the density operator (non-
normalized mixed state) H → H defined by∫
Cn
|Dz∗Φ〉 〈Dz∗Φ| dµ(z) (1.1)
is separable.
(b) Any separable mixed state in the interior of the set of separable mixed states
can be expressed in the above form.
(c) The above results also hold with Cn replaced with the complex torus CTn.
From mathematical view-point it is more convenient to state and prove our
results in terms of hermitian 2-forms. In particular, using hermitian forms will
not require the use of scalar product in the statement of our results.
Indeed, positive semi-definite hermitian 2-forms can be used to represent
mixed states, instead of self-adjoint, positive semi-definite operators on a Hilbert
space. If H is an arbitrary Hilbert space, the obvious identification of these
notions is given by the formula
〈w|ρov〉 = ρf (w, v),
where ρo is a self-adjoint operator inH and ρf : H×H → C is the corresponding
hermitian form, with respect to the scalar product 〈 · | · 〉 in H. In our case of
H = Cm ⊗ (Cn)∗ = Hom(Cn,Cm) we use the scalar product
〈A|B〉 = trA†B
and then the identification, in the standard basis, is simply given by
(ρo)ijkl = (ρf )ijkl .
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2 Separable hermitian forms
Let H be a complex vector space. We will consider hermitian 2-forms on H , i.e.,
maps ρ : H ×H → C which are C-linear with respect to the second argument
and anti-linear with respect to the first one. Given a linear function f : H → C,
we denote by f∗ its complex conjugate, f∗(z) = (f(z))
∗
, where in the latter case
∗ denotes complex conjugation in C. Given linear functionals α, β : H → C, we
define their hermitian tensor product α∗ ⊙ β : H ×H → C by
(α∗ ⊙ β)(z, w) = 1
2
(α∗(z)β(w) + β∗(z)α(w)),
which is a hermitian 2-form. In our considerations H will be the tensor product
H = K ⊗ L
of complex vector spaces K,L of finite dimensions.
Definition 2.1 A hermitian 2-form ρ : H ×H → C is called separable if it can
be expressed as
ρ =
P∑
p=1
(σp)∗ ⊙ σp,
where P ≥ 1, σp : H → C are linear functionals (elements of H∗) such that
σp = ϕp ⊗ ψp,
with ϕp ∈ K∗ and ψp ∈ L∗, and (σp)∗ denotes complex conjugation of σp.
A form ρ is called product form if ρ = σ∗⊙σ, where σ = ϕ⊗ψ, ϕ ∈ K∗ and
ψ ∈ L∗. A positive semi-definite ρ is called entangled if it is not separable.
Note that separable hermitian 2-forms are positive semi-definite. The sets
of separable (respectively, product) hermitian 2-forms on H will be denoted by
Csep (resp. Cprod). These are subsets of the real linear space C of all hermitian
2-forms on H . Note that if the sum defining ρ is replaced by
ρ =
P∑
p=1
λp (σ
p)
∗ ⊙ σp,
with λp ≥ 0 (equivalently, λp ≥ 0 and
∑
p λp = 1) then we get an equivalent
definition. Thus
Csep = co Cprod,
where coA denotes the convex hull of A. Since dim C = N2, where N = dimH ,
it follows from the Carathe´odory theorem that in the above sums we can always
take P ≤ N2. The following fact is well known (as it is crucial in further
considerations, we present its proof).
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Proposition 2.2 The set of separable hermitian 2-forms is a closed, convex
cone with nonempty interior in the space of all hermitian 2-forms on H.
Proof. Convexity comes from the above remarks. To prove closedness we
consider the set S of separable hermitian 2-forms
N2∑
p=1
λp (ϕ
p ⊗ ψp)∗ ⊙ (ϕp ⊗ ψp),
with (λ1, . . . , λN2) in the closed simplex defined by λp ≥ 0 and
∑
p λp = 1, and
ϕp, ψp in unit spheres in K∗, L∗ (with respect to some fixed norms). The set S
is a compact subset of the space of hermitian forms C, as the image of a compact
set under a suitable map. It does not contain the zero form, as all such forms
are nontrivial, positive semi-definite. The cone Csep of all separable hermitian
2-forms is generated by S, thus Csep is closed.
To prove that Csep has nonempty interior in C, it is enough to show that
there is no nontrivial linear functional acting on C which annihilates Csep. To
begin with, let us fix hermitian products in K∗ and L∗, and orthonormal basis
ǫ1, . . . , ǫn in K
∗ and γ1, . . . , γm in L
∗ (n = dimK,m = dimL) with respect to
these products. Define two sets of vectors in K∗ and L∗
K0 = {ǫa + eKǫb | a, b = 1, . . . , n, eK = 1, i} ⊂ K∗,
L0 = {γc + eLγd | c, d = 1, . . . ,m, eL = 1, i} ⊂ L∗.
Since (ϕ ⊗ ψ)∗ ⊙ (ϕ⊗ ψ) ∈ Csep, for ϕ ∈ K0, ψ ∈ L0, it is enough to show that
if an element θ ∈ C∗ of the dual space C∗ vanishes on every element
(ϕ⊗ ψ)∗ ⊙ (ϕ⊗ ψ), with ϕ ∈ K0 and ψ ∈ L0, then θ ≡ 0.
Denote θijkl = θ((ǫi ⊗ γj)∗⊙(ǫk⊗γl)), so that θijkl = θ∗klij . We will successively
show that θijkl = 0 for all i, k = 1, . . . , n and j, l = 1, . . . ,m. In every step we
will be using the identities from the previous steps. Note first that if a = b,
c = d and eK = eL = 1 (i.e. ǫa + ǫa ∈ K0, γc + γc ∈ L0) then
0 = θ((2ǫa ⊗ 2γc)∗ ⊙ (2ǫa ⊗ 2γc)) = 16θacac,
and thus θijij = 0. Next, if we take a 6= b, c = d and eL = 1 then, using
hermicity of θ, we obtain
0 = θ
((
(ǫa + eKǫb)⊗ 2γc
)∗ ⊙ ((ǫa + eKǫb)⊗ 2γc)) = 8Re(eKθacbc),
therefore θijkj = 0, since real and imaginary parts of it vanish. Analogously we
prove that θijil = 0. Finally, if we take a 6= b, c 6= d, we obtain
0 = θ
((
(ǫa + eKǫb)⊗ (γc + eLγd)
)∗ ⊙ ((ǫa + eKǫb)⊗ (γc + eLγd)))
= 2(Re(eKeLθacbd) + Re(eKe
∗
Lθadbc)).
Since four combinations of eK and eL give independent linear equations for real
and imaginary parts of θacbd and θadbc, we conclude that θijkl = 0. 
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3 Integral representations
Let H1, H2 be vector spaces over C and let
H = H1 ⊗ (H2)∗ = Hom(H2, H1).
The dual space H∗ = (H1)
∗⊗H2 ≃ H2⊗ (H1)∗ can be identified with the space
of maps Hom(H1, H2) and then the duality product is given by
〈A,B〉 = tr(AB) = tr(BA), A ∈ H∗, B ∈ H.
Given a C-linear map A : H1 → H2, we define a hermitian form A ⊙ A on
H = Hom(H2, H1), which is the hermitian product of two copies of the linear
functional B → tr(AB),
(A⊙A)(B,C) = tr(BA)∗ tr(AC),
where B,C ∈ Hom(H2, H1). This form is also given by the bilinear extension
of (A⊙A)(v ⊗ w, v˜ ⊗ w˜) = (wAv)∗ w˜Av˜, for w, w˜ ∈ H∗2 and v, v˜ ∈ H1.
For a complex variable z = x + iy and its complex adjoint z∗ = x − iy we
use the usual notation dz = dx + idy, dz∗ = dx − idy for te complex 1-forms
and ∂z = (∂x− i∂y)/2 and ∂∗z = (∂x + i∂y)/2 for the dual complex vector fields.
Then dz∗ ∧ dz = 2idx ∧ dy.
Let us assume that H1 = Cn and H2 = Cm. We shall consider a map
Φ = (Φ1, . . . ,Φm) : Cn → Cm which is square integrable and, as a map from R2n
to R2m, it has weak differential which is square integrable, too. We denote by
Dz∗Φ(z) ∈ Cm⊗ (Cn)∗ the conjugate differential of Φ at z which, by definition,
is the complex linear map defined by the complex matrix
(Dz∗Φ(z))ij = ∂
∗
zjΦi(z1, . . . , zn),
where ∂∗zj = (∂xj + i∂yj )/2. The linear map Dz∗Φ(z) : C
n → Cm can be
considered as an element of the dual space H∗ to the tensor product
H = Cn ⊗ (Cm)∗.
Denote
dz∗ ∧ dz = dz∗1 ∧ dz1 ∧ . . . ∧ dz∗n ∧ dzn.
Theorem 3.1 (a) For an arbitrary square integrable map Φ : Cn → Cm with
square integrable conjugate differential Dz∗Φ(z), the hermitian 2-form ρΦ : H×
H → C defined by
ρΦ =
1
(2i)n
∫
Cn
(Dz∗Φ(z))
∗ ⊙Dz∗Φ(z) dz∗ ∧ dz (3.1)
is separable.
(b) Any separable hermitian 2-form in the interior of the set of separable her-
mitian 2-forms can be expressed in the above form.
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The same result holds with Cn replaced by the complex torus. Recall that
the n-dimensional complex torus is the quotient group
CTn = Cn/Λ,
with topology and Lebesgue measure inherited from Cn, where Λ is the lattice
Λ = {(2π(a1 + ib1), . . . , 2π(an + ibn)) ∈ Cn | ak, bk ∈ Z, k = 1, . . . , n}
in Cn. Given two points z, z˜ ∈ CTn, there is a natural identification of the tan-
gent spaces TzCT
n and Tz˜CT
n via the standard parallel shift in Cn. Therefore,
as earlier, for any mapping Φ : CTn → Cm having the weak differential Dz∗Φ
the linear map Dz∗Φ(z) : Cn → Cm can be considered as element of the dual
space H∗ = (Cn)∗ ⊗ Cm.
Theorem 3.2 Statements (a) and (b) of Theorem 3.1 hold if we replace Cn
with CTn, i.e., for square integrable maps Φ : CTn → Cm, with square integrable
conjugate differential Dz∗Φ, and the integral is taken over CTn.
Both theorems will be proved in the following two sections. We will also show
(Theorem 7.1) that not all hermitian, positive semi-definite forms are integrally
representable. Such forms lie in the boundary of the cone of all separable forms.
4 Separability of ρΦ
In proving statements (a) of both theorems we will use Fourier transform and
the Hahn-Banach theorem.
The following elementary facts will be used in the proof. Given a function
f : C→ C, we can write it as a complex valued function R2 → C by identifying
f(x+ iy) = f(x, y). Assuming that it is differentiable at z = x+ iy, we have
∂∗zf(x+ iy) =
1
2
(∂xf(x, y) + i∂yf(x, y)). (4.1)
Consider the Fourier transform of f : R2 → C,
f̂(ξ, ζ) =
1
2π
∫
R2
e−i(xξ+yζ)f(x, y) dxdy.
Then integration by parts gives
∂̂xf(ξ, ζ) = iξf̂(ξ, ζ), ∂̂yf(ξ, ζ) = iζf̂(ξ, ζ).
Using (4.1) and taking κ = ξ + iζ, we aggregate this in the complex expression
∂̂∗zf(κ) =
1
2
(
∂̂xf(ξ, ζ) + i∂̂yf(ξ, ζ)
)
=
1
2
i
(
ξf̂(ξ, ζ) + iζf̂(ξ, ζ)
)
=
1
2
iκf̂(κ). (4.2)
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Let X be a finite dimensional vector space (or more generally, a Banach
space). We shall need the following property, which follows from the Hahn-
Banach theorem by a standard separation argument.
Proposition 4.1 Let S ⊂ X be a subset and C ⊂ X be the smallest convex
cone containing S. If C is closed and x0 ∈ X is an element satisfying
〈y, x0〉 ≥ 0, for any y ∈ X∗ such that 〈y, x〉 ≥ 0 for all x ∈ S,
then x0 lies in C.
We will concentrate on a linear space C over R of all hermitian 2-forms
ρ : H ×H → C and its dual C∗, with the duality product 〈·, ·〉 : C∗ × C → R.
Take any linear coordinates in K and L. We have associated coordinates in C
and dual coordinates in C∗. We can express θ = (θijkl) ∈ C∗ and ρ = (ρijkl) ∈ C,
in these coordinates, where θijkl
∗ = θklij and ρijkl
∗ = ρklij . Then
〈θ, ρ〉 =
∑
ijkl
θijklρijkl .
Proof of Theorem 3.1 (a). Recall that Cprod denotes the set of prod-
uct hermitian 2-forms, and Csep the set of separable hermitian 2-forms. Since
the convex hull of Cprod is equal to Csep and it is a closed cone in C then, by
Proposition 4.1, ρΦ ∈ Csep if 〈θ, ρΦ〉 ≥ 0 for all θ ∈ C∗ such that
〈θ, ρ〉 ≥ 0, for any ρ ∈ Cprod.
Denote, for brevity, ∂∗j = ∂
∗
zj . For θ ∈ C∗ in the conjugate cone to the cone
of separable states and Φ = (Φ1, . . . ,Φm) we can write
〈θ, ρΦ〉 =
∑
ijkl
θijkl
1
(2i)n
∫
Cn
(∂∗jΦi(z))
∗
∂∗l Φk(z) dz
∗ ∧ dz.
Using Fourier transform and Perseval’s equality
∫
f∗gdz∗ ∧ dz = ∫ f̂∗ĝdκ∗ ∧ dκ
we get∫
Cn
(∂∗jΦi(z))
∗ ∂∗l Φk(z) dz
∗ ∧ dz =
∫
Cn
(∂̂∗jΦi(κ))
∗
(∂̂∗l Φk(κ)) dκ
∗ ∧ dκ.
Thus (4.2), and the fact that θ is positive on product states gives
〈θ, ρΦ〉 = 1
4(2i)n
∫
Cn
∑
ijkl
θijkl(iκjΦ̂i(κ))
∗
(iκlΦ̂k(κ)) dκ
∗ ∧ dκ ≥ 0,
which ends the proof. 
Proof of Theorem 3.2 (a). The proof is analogous to the previous one.
The only thing that one has to observe is the following. Given a square integrable
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function f : CTn → C, its Fourier transform fˆ : Zn × Zn → C is given by the
formula
fˆ(α, β) =
1
(4πi)n
∫
CTn
e−i(〈x,α〉+〈y,β〉)f(z) dz∗ ∧ dz,
where z = x + iy mod 2π(Z + iZ) are points in CTn, 〈x, α〉 = ∑ xiαi and
〈y, β〉 =∑ yiβi. Then integration by parts gives
∂̂∗kf(α, β) =
1
2
i(αk + iβk)Φ̂(α, β),
and the Perseval’s equality reads as
1
(2i)n
∫
CTn
(f(z))
∗
g(z) dz∗ ∧ dz =
∑
(α,β)∈Z2n
(fˆ(α, β))
∗
(gˆ(α, β)),
where g : CTn → C is another square integrable function. 
5 Construction of Φ in Theorem 3.1(b)
The construction of maps Φ which produce or approximate an arbitrary sepa-
rable hermitian form is divided into three steps. First we will prove that any
product hermitian 2-form can be arbitrarily closely approximated by the hermi-
tian 2-forms ρΦ. Then we approximate any separable hermitian 2-form. Finally,
we prove that any separable hermitian 2-form in the interior of all separable her-
mitian 2-forms can be expressed in the integral form (3.1).
Step 1. Approximation of product forms.
Consider the function fw : Cn → C given by
fw(z) = hw(z) gα(z), (5.1)
where w ∈ Cn and α > 0 are fixed and
hw(z) = e
〈z,w〉−〈w,z〉 = e2iIm〈z,w〉, gα(z) = (πα)
−n/2 e−〈z,z〉/2α,
with 〈z, w〉 =∑ z∗jwj . Clearly,
∂∗j fw(z) = (wj −
zj
2α
)fw(z).
We have |hw(z)| = 1 and, writing zj = xj + iyj ,
|fw(z)| = 1
(πα)n/2
e−
P
(x2j+y
2
j )/2α.
This allows to prove the following lemma.
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Lemma 5.1
1
(2i)n
∫
Cn
(∂∗j fw(z))
∗
∂∗l fw(z) dz
∗ ∧ dz = w∗jwl +
1
4α
δjl .
Proof. We have (all integrals are taken with respect to the measure dz∗ ∧ dz)∫
Cn
(∂∗j fw(z))
∗
∂∗l fw(z) =
∫
Cn
(wj − zj/2α)∗(wl − zl/2α)|fw(z)|2
= w∗jwl
∫
Cn
|fw(z)|2 +
∫
Cn
z∗j zl
4α2
|fw(z)|2
− w
∗
j
2α
∫
Cn
zl|fw(z)|2 − wl
2α
∫
Cn
z∗j |fw(z)|2
= (2i)n(w∗jwl +
1
4α
δjl),
where the first integral is computed using the Fubini theorem in the form∫
Cn
|fw|2 = 1
(πα)n
n∏
s=1
∫
C1
e−(x
2
s+y
2
s)/αdz∗s ∧ dzs
=
( 2i
πα
)n n∏
s=1
∫
R1
e−x
2
s/αdxs
∫
R1
e−y
2
s/αdys
and the standard integral ∫
R
e−x
2/α dx =
√
πα, (5.2)
while in computing the second one with j = l we use the above integral and∫
R
x2e−x
2/α dx =
√
πα
α
2
. (5.3)
The third and the fourth integrals are equal to zero as, after applying the Fubini
theorem we obtain a factor of the form
∫
C
zle
−|zl|
2/αdz∗l ∧dzl, which is zero since
the real and imaginary parts of the integrated function are antisymmetric with
respect to corresponding (real or imaginary) axes. The same argument implies
vanishing of the second integral, when j 6= l. 
We shall approximate the hermitian 2-form σ∗ ⊙ σ, where σ = ϕ ⊗ ψ and
ϕ ∈ Cm, ψ ∈ (Cn)∗. To do that, let us take α > 0 and consider the maps
Φ : Cn → Cm given by
Φ(z) = ϕ
1
(πα)n/2
e〈z,ψ〉−〈ψ,z〉e−〈z,z〉/2α = ϕfψ(z),
where fψ is the function defined in (5.1), with w = ψ, and we denote 〈ψ, z〉 =∑
ψ∗i zi. By Lemma 5.1 we have
(ρΦ)ijkl = ϕ
∗
iϕk
1
(2i)n
∫
Cn
(∂∗j fψ(z))
∗
∂∗l fψ(z) dz
∗ ∧ dz
= ϕ∗iϕk(ψ
∗
jψl +
1
4α
δjl).
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We see that, with α sufficiently large, the hermitian 2-form σ∗ ⊙ σ can be
arbitrarily closely approximated by ρΨ. 
Step 2. Approximation of separable forms.
To prove that any separable state can be arbitrarily closely approximated by
states in the integral form we use the result for product states. We start with a
technical lemma.
Lemma 5.2 For fv and fw of the form (5.1) we have
1
(2i)n
∫
Cn
(∂∗j fv(z))
∗
∂∗l fw(z) dz
∗ ∧ dz =
=
1
4
(
(3vj − wj)∗(3wl − vl) + δjl
α
)
e−α|v−w|
2
.
Proof. Note that∫
Cn
(∂∗j fv(z))
∗∂∗l fw(z) = v
∗
jwl
∫
Cn
f∗v (z)fw(z) +
∫
Cn
z∗j zl
4α
f∗v (z)fw(z)
− v
∗
j
2α
∫
Cn
zlf
∗
v (z)fw(z)−
wl
2α
∫
Cn
z∗j f
∗
v (z)fw(z),
where all integrals are taken with respect to dz∗ ∧ dz. With zj = xj + iyj we
have
f∗v (z)fw(z) = h
∗
v(z)hw(z)g
2
α(z) = e
−2iIm〈z,v〉e2iIm〈z,w〉g2α(z)
= (πα)−n
n∏
s=1
e2ixsIm(ws−vs)e−2iysRe(ws−vs)e−(x
2
s+y
2
s)/α.
Thus the proof of the lemma is a straightforward calculation analogous to the
calculations in the proof of Lemma 5.1, with the use of three additional integrals∫
R
e−x
2/αeiγx dx =
√
πα e−
αγ2
4 ,∫
R
xe−x
2/αeiγx dx =
√
πα
iαγ
2
e−
αγ2
4 ,∫
R
x2e−x
2/αeiγx dx =
√
πα
(2α− α2γ2)
4
e−
αγ2
4 .

Now consider a separable hermitian 2-form
ρ =
P∑
p=1
(σp)
∗ ⊙ σp,
where σp = ϕp ⊗ ψp, ϕp ∈ Cm, ψp ∈ (C∗)n and we additionally require that
ψp 6= ψq for p 6= q, and P ≥ 1. The set of such 2-forms is dense in the set of
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all separable 2-forms. Thus, it is sufficient to approximate such 2-forms. To do
that we consider the map Φ : Cn → Cm,
Φ(z) =
P∑
p=1
ϕpfψp =
1
(πα)n/2
P∑
p=1
ϕp e〈z,ψ
p〉−〈ψp,z〉e−〈z,z〉/2α, (5.4)
where we use formula (5.1) for fψp ’s. By Lemma 5.2 we have
(ρΦ)ijkl =
∑
p,q
(ϕpi )
∗
ϕqk
1
(2i)n
∫
Cn
(∂∗j fψp(z))
∗
∂∗l fψq (z) dz
∗ ∧ dz
=
1
4
∑
p,q
(ϕpi )
∗
ϕqk
(
(3ψpj − ψqj )∗(3ψql − ψpl ) +
δjl
α
)
e−α|ψ
p−ψq|2 .
Since e−α|ψ
p−ψq|2 → 0, unless p = q, this expression converges to
P∑
p=1
(ϕpi )
∗
ϕpk(ψ
p
j )
∗
ψpl
when α tends to infinity. Thus we can approximate the form ρ with integrally
representable forms ρΨ. 
From the above proof we can easily obtain the first part of the following
proposition.
Proposition 5.3 For any P ∈ N, ϕ1, . . . , ϕP ∈ Cm, ψ1, . . . , ψP ∈ (Cn)∗ and
α > 0, the hermitian 2-form ρ with coefficients
ρijkl =
1
4
∑
p,q
(ϕpi )
∗
ϕqk
(
(3ψpj − ψqj )∗(3ψql − ψpl ) +
δjl
α
)
e−α|ψ
p−ψq|2 (5.5)
is an integrally representable separable hermitian 2-form and ρ = ρΦ with Φ
given in (5.4). Moreover, every hermitian 2-form in the interior of the cone of
all separable 2-forms is of the form (5.5).
The second part of this proposition is equivalent to the statement of The-
orem 3.1 (b). Therefore, to end the proof of the theorem we need to prove
the proposition. Before we do that we make a few remarks about integrally
representable hermitian 2-forms, which follow from (5.5).
Remark 5.4 Assume that ϕp = ϕ for p = 1, . . . , P . Then (5.5) reduces to
ρijkl =
1
4
ϕ∗iϕk
∑
p,q
(
(3ψpj − ψqj )∗(3ψql − ψpl ) +
δjl
α
)
e−α|ψ
p−ψq|2
and ρ is of the form (ϕ∗ ⊙ ϕ) ⊗ ρ˜, where ρ˜ is a hermitian 2-form of rank n on
Cn (the rank of ρ is at least n, as we will see in Proposition 7.5).
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Remark 5.5 If we take ψp = ψ, for p = 1, . . . , P , then the sum defining Φ in
(5.4) has the same exponential function and it reduces to one summand (this is
the simplest case considered in the first step of the proof). By the same reason
we see that there is no loss of generality to assume in (5.4) that ψp 6= ψq, if
p 6= q.
Step 3. Proof of the second part of Proposition 5.3.
Consider a separable hermitian 2-form ρ in the interior of Csep ⊂ C, where C
is the real vector space of hermitian 2-forms. It follows from Proposition 2.2
that we can find D = dim spanCsep = (nm)2 linearly independent separable
hermitian 2-forms ρ1, . . . , ρD, considered as vectors in the space C of hermitian
forms, such that ρ =
∑D
d=1 λ
ρ
dρ
d with λρ1 > 0, . . . , λ
ρ
D > 0. Without loss of
generality (changing slightly ρd, if necessary) we can assume that
ρd =
Pd∑
p=1
(
σ(p,d)
)∗ ⊙ σ(p,d),
where Pd ≥ 1, σ(p,d) = ϕ(p,d) ⊗ ψ(p,d), with ϕ(p,d) ∈ Cm, ψ(p,d) ∈ (Cn)∗ and
ψ(p,c) 6= ψ(q,d) for (p, c) 6= (q, d). For each d consider a mapping Φαd : Cn → Cm
expressed by (5.4) with appropriate ϕ’s and ψ’s. Define the map Φα : RD+×Cn →
Cm,
Φα(λ1, . . . , λD, z) =
D∑
d=1
√
λdΦ
α
d (z).
Take α = 1/β2. We introduce the mapping F : RD+ × R→ C ≃ RD defined by
F (λ1, . . . , λD, β) =
=
{
1
(2i)n
∫
Cn
(Dz∗Φ
β−2(λ, z))
∗ ⊙Dz∗Φβ−2(λ, z) dz∗ ∧ dz, β 6= 0
ρ, β = 0
.
From formula (5.5) obtained in Step 2 we know that
F (λ, β) =
D∑
d=1
Pd∑
p=1
λd
(
σ(p,d)
)∗ ⊙ σ(p,d) +R(λ, β)
=
D∑
d=1
λdρd +R(λ, β),
where R : RD+ × R → C is a differentiable mapping of class C∞, given in
12
coordinates by
Rijkl(λ, β) =
1
4
D∑
d=1
Pd∑
p=1
λd
(
ϕ
(p,d)
i
)∗
ϕ
(p,d)
k β
2δjl+
+
1
4
∑
(p,c) 6=(q,d)
√
λcλd
(
ϕ
(p,c)
i
)∗
ϕ
(q,d)
k
×
((
3ψ
(p,c)
j − ψ(q,d)j
)∗(
3ψ
(q,d)
l − ψ(p,c)l
)
+ β2δjl
)
e
− 1
β2
|ψ(p,c)−ψ(q,d)|2
.
Since F (λρ, 0) = ρ, we can complete the proof by using the implicit function
theorem. We only have to prove that the rank of the differential of F with
respect to λ is maximal at (λρ, 0). But this is trivial since R(·, 0) = 0 (R(·, β)
converges locally uniformly to zero function when β tends to zero) and ρ1, . . . , ρD
is a basis in C ≃ RD. 
6 Construction of Φ in Theorem 3.2 (b)
Consider the family of mappings Φ : CTn → Cm of the form
Φ(z) = 2
P∑
p=1
c−1p ϕ
p χap,bp(z), (6.1)
where z = (z1, . . . , zn) with zj = xj + iyj mod 2π(Z + iZ), P ∈ N, and for all
for p = 1, . . . , P we take ϕp ∈ Cm, (ap, bp) ∈ Zn × Zn, cp ∈ N and
χap,bp(z) = (2π)
−nei(〈x,a
p〉+〈y,bp〉).
Without loosing generality we will assume that (ap, bp) 6= (aq, bq) if p 6= q. Then,
with ψp = 1cp (a
p + ibp) ∈ Qn + iQn and ϕp ∈ Cm, we have
Lemma 6.1
ρΦ =
P∑
p=1
(ϕp ⊗ ψp)∗ ⊙ (ϕp ⊗ ψp).
Proof. Clearly,
∂∗jΦ(z) =
P∑
p=1
ic−1p ϕ
p(apj + ib
p
j )χap,bp(z),
where ∂∗j =
1
2 (∂xj + i∂yj ). Since
1
(2i)n
∫
CTn
(χap,bp(z))
∗
χaq,bq (z) dz ∧ dz∗ =
{
1, if p = q,
0, otherwise,
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we find that
(ρΦ)ijkl =
1
(2i)n
∫
CTn
(∂∗jΦi(z))
∗∂∗l Φk(z) dz
∗ ∧ dz =
=
P∑
p=1
c−2p (ϕ
p
i )
∗
(apj + ib
p
j )
∗
ϕpk(a
p
l + ib
p
l ).
Without coordinates one can write it as
ρΦ =
P∑
p=1
(ϕp ⊗ ψp)∗ ⊙ (ϕp ⊗ ψp), (6.2)
where ψp = 1cp (a
p + ibp). 
Remark 6.2 Note that the set of forms
P∑
p=1
(ϕp ⊗ ψp)∗ ⊙ (ϕp ⊗ ψp),
with arbitrary P ≥ 1, ϕp ∈ Cm, and ψp ∈ (Q + iQ)n, is convex.
Proof of Theorem 3.2 (b). It follows from the lemma that every separable
hermitian 2-form can be arbitrarily closely approximated by the forms ρΦ, since
the set of ψp of the above form is dense in Cn. This, together with the fact
that the set of such forms is convex, implies that every hermitian 2-form in the
interior of Csep is integrally representable. 
Remark 6.3 Assume that we allow infinite summation in (6.1) with additional
requirements that
∞∑
p=1
|c−1p ϕp|2 <∞,
∞∑
p=1
|c−1p ϕp(apj + ibpj)|2 <∞, (6.3)
for j = 1, . . . , P . Then it is obvious that (6.1) can be considered as a Fourier
series, and every square integrable mapping from CTn to Cm with square inte-
grable differentials is of this form. Thus the set of separable hermitian 2-forms
which are integrally representable on a torus is the closure of the set of the
2-forms ρΦ given by (6.2), in the topology given by the pseudonorms in (6.3).
In particular, we have the following result.
Proposition 6.4 A product form ρ = σ∗ ⊙ σ with σ = ϕ⊗ ψ 6= 0 is integrally
representable on CTn iff the coordinates ψ1, . . . , ψn of ψ are commensurable,
i.e., there exist integers a1, . . . , an, b1, . . . , bn and a complex number w ∈ C such
that ψj = w(aj + ibj), for all j.
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Proof. The ”if” part follows from Lemma 6.1 with P = 1. To prove the
converse, assume that a product hermitian 2-form ρ is integrally representable.
Then, by the above remark, it has a representation (6.2) with infinite sum and
the additional requirements (6.3). Since ρ has rank one, there exist a product
form ϕ⊗ ψ ∈ Cm ⊗ (Cn)∗ and complex numbers w1, w2, . . . such that
ϕp ⊗ ψp = wp ϕ⊗ ψ, p = 1, 2, . . . .
Then, if wp 6= 0, we can write ϕp = upϕ, ψp = vpψ, with nonzero complex
numbers up, vp. Since ψ
p = c−1p (a
p + ibp), we get ψ = w(ap + ibp), where
w = v−1p c
−1
p . 
7 Integral representation condition
As we have seen in Proposition 6.4, there are product forms that can be inte-
grally represented on the torus. For the complex linear space this is not the
case, as we will see in the following theorem.
Theorem 7.1 (a) No product hermitian 2-form can be expressed in the integral
form (3.1) over Cn.
(b) Furthermore, if a hermitian 2-form ρ is representable in the integral form (3.1)
over Cn, then it satisfies the following condition.
(IRC) If there exist v0 ∈ (Cm)∗, w0 ∈ Cn \ {0} such that ρ(v0⊗w0, v0⊗w0) = 0,
then for all w ∈ Cn we have ρ(v0 ⊗ w, v0 ⊗ w) = 0.
We will call (IRC) the integral representation condition (necessary for integral
representability of ρ).
Proof. (a) It is enough to prove this statement for the hermitian 2-form
ρ0 = σ
∗ ⊙ σ with σ = γ1 ⊗ ǫ1, where γ1, . . . , γm is the standard basis in Cm
and ǫ1, . . . , ǫn is the dual basis to the standard basis in Cn. The general case
reduces to this one by linear changes of coordinates in Cm and Cn.
We will show that there is no map Φ such that ρΦ = (γ1 ⊗ ǫ1)∗ ⊙ (γ1 ⊗ ǫ1).
Assume that there is such a map. Then from the definition of ρΦ we have
δi1δk1 = (ρΦ)i1k1 =
1
(2i)n
∫
Cn
(∂∗1Φi(z))
∗
∂∗1Φk(z) dz
∗ ∧ dz,
0 = (ρΦ)ijkl =
1
(2i)n
∫
Cn
(∂∗jΦi(z))
∗
∂∗l Φk(z) dz
∗ ∧ dz ∀j 6=1 or l 6=1
For i = k and j = l, the above equations imply that for any i = 1, . . . ,m
‖∂∗1Φi‖L2 = δ1i,
‖∂∗jΦi‖L2 = 0, j = 2, . . . , n,
where ‖ · ‖L2 denotes the standard L2 norm. From these expressions we deduce
that for i 6= 1
∂∗jΦi = 0 a.e., j = 1, . . . , n.
15
Now from a remark to Theorem 4.6.10 in [14] it follows that, for i 6= 1, the maps
Φi : Cn → C are holomorphic on Cn, and since we assume that they are square
integrable, we have
Φi = 0 ∀ i 6= 1.
For i = 1 we have
∂∗jΦ1 = 0 a.e. ∀ j 6= 1.
Again from the remark mentioned above we obtain that for all z1 ∈ C the
function
Φz1 := Φ1(z1, ·, . . . , ·) : Cn−1 → C
is holomorphic on Cn−1. Trying to find any nontrivial square integrable function
Φ1 to our problem, take any square integrable function g : Cn → C which fulfils
compatibility conditions ∂∗j g = 0 for all j 6= 1. Then by Theorem 4.6.11 in [14],
there exists locally square integrable solution to the equations
∂∗jΦ1 = δ1jg, j = 1, . . . , n. (7.1)
If, additionally, for some g the solution Φ1 is square integrable then, by the
Fubini theorem, Φz1 must be square integrable function for almost all z1. This
means that
Φz1 = 0, for almost all z1,
as the null function is the only holomorphic square integrable function on Cn−1.
In consequence,
‖Φ1‖L2 = 0
which, together with Φi = 0 for i 6= 1, contradicts the inequality ρΦ 6= 0.
(b) Just like in the proof of (a), we can assume that v0 = γ˜1 ∈ (Cm)∗ and
w0 = ǫ˜1 ∈ Cn , where γ˜1, . . . , γ˜m is the dual basis to the standard basis in Cm
and ǫ˜1, . . . , ǫ˜n is the standard basis in Cn (the case of v = 0 is trivial). By
the assumption, there exists a square integrable map Φ : Cn → Cm, such that
ρ = ρΦ, in particular,
0 = ρ(v0 ⊗ w0, v0 ⊗ w0) = 1
(2i)n
∫
Cn
|∂∗1Φ1(z)|2 dz∗ ∧ dz.
Thus ∂∗1Φ1 = 0 and, by arguments as above, we deduce that Φ1(z1, z2, . . . , zn) is
a holomorphic function of z1, for almost all (z2, . . . , zn) ∈ Cn−1. A holomorphic
function in L2(C) must be identically zero, thus Φ1 = 0. Therefore, for all
w ∈ Cn we have
ρ(v0 ⊗ w, v0 ⊗ w) =
∑
ijkl
δ1iw
∗
j δ1kwl
1
(2i)n
∫
Cn
(∂∗jΦi(z))
∗
∂∗l Φk(z) dz
∗ ∧ dz
=
∑
jl
w∗jwl
1
(2i)n
∫
Cn
(∂∗jΦ1(z))
∗
∂∗l Φ1(z) dz
∗ ∧ dz = 0,
which is our assertion. 
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We will now analyze the integral representation condition. Consider a tensor
productH = K⊗L, whereK and L are vector spaces over C of finite dimensions
m and n, respectively. Let ρ : H × H → C be a nonzero separable hermitian
2-form. We denote by ρ : H → R the quadratic form associated with ρ, i.e.
ρ(v) = ρ(v, v).
Define two sets kerKρ ⊂ K and kerLρ ⊂ L by
kerKρ := {v ∈ K | ∀w ∈ L ρ(v ⊗ w) = 0},
kerLρ := {w ∈ L | ∀v ∈ L ρ(v ⊗ w) = 0}.
Let
ρ =
P∑
p=1
(σp)
∗ ⊙ σp,
where P ≥ 1 and σp ∈ H∗ are linear functionals σp = ϕp ⊗ ψp, with ϕp ∈ K∗
and ψp ∈ L∗. Then kerKρ is the intersection of the kernels of ϕp’s, and kerLρ
is the intersection of the kernels of ψp’s i.e.
kerKρ =
⋂
p
kerϕp ⊂ K , kerLρ =
⋂
p
kerψp ⊂ L.
Indeed, if v belongs to the intersection of the kernels of all ϕp’s, then it is
obvious that v ∈ kerKρ. Vice versa, if there exists p0 such that ϕp0(v) 6= 0,
then ρ(v ⊗ w) > 0 for all w /∈ kerψp0 , as all terms σp∗ ⊙ σp defining ρ are
nonnegative quadratic forms. The proof of the second equality is analogous.
From these equalities it follows that kerKρ ⊂ K and kerLρ ⊂ L are linear
subspaces of nonzero codimensions (since ρ 6= 0).
Let v = v1 + vk ∈ K, where vk ∈ kerKρ. Then
ρ(v ⊗ w) = ρ(v1 ⊗ w).
Thus, for any vector [v] ∈ K/ kerKρ the quadratic form ρ[v] : L→ R given by
ρ[v](w) = ρ(v ⊗ w)
is well defined.
Proposition 7.2 For any separable hermitian 2-form ρ the following conditions
are equivalent.
1. (IRC) If there exist v0 ∈ K and w0 ∈ L\{0} such that ρ(v0 ⊗ w0) = 0,
then for all w ∈ L we have ρ(v0 ⊗ w) = 0.
2. If v ∈ K, w ∈ L \ {0} and ρ(v ⊗ w) = 0 then v ∈ kerKρ.
3. For all 0 6= [v] ∈ K/ kerKρ the quadratic form ρ[v] is strictly positive
definite.
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Proof. (1 ⇒ 2) This implication is obvious.
(2 ⇒ 3) Assume that there exists 0 6= [v] ∈ K/ kerKρ such that ρ[v] is not
strictly positive definite. Then there exist w ∈ L \ {0} such that ρ[v](w) = 0.
From the definition of ρ[v] and condition 2 we have that v ∈ kerKρ and therefore
[v] = 0.
(3 ⇒ 1) Assume that there exists v ∈ K,w ∈ L\{0} such that ρ(v ⊗ w) = 0.
Then condition 3 implies that [v] = 0 ∈ K/ kerKρ i.e. v ∈ kerKρ and therefore
for all w ∈ L we have ρ(v ⊗ w) = 0. 
Corollary 7.3 If the integral representation condition holds for a nonzero sep-
arable hermitian 2-form ρ then kerLρ = 0. In particular, if ρ is integrally
representable on Cn, then kerLρ = 0.
Proof. Assume that kerLρ 6= {0}, and take any 0 6= v ∈ K \ kerKρ and
w ∈ kerLρ\{0}. Then ρ(v⊗w) = 0, which contradicts condition 2 in Proposition
7.2. The second statement follows from Theorem 7.1. 
Remark 7.4 Note that the negation of (IRC) gives an almost sufficient con-
dition for entanglement of hermitian 2-forms. Namely, if a positive definite
hermitian 2-form does not satisfy (IRC), then it belongs to the boundary of the
cone of separable 2-forms, or it is entangled, by Theorem 3.1 (b) and Theorem
7.1.
Proposition 7.5 If a nonzero hermitian 2-form ρ is integrally representable
then it has rank at least n = dimL.
Proof. As we have mentioned above, since ρ 6= 0, codimension of kerKρ in K
is nonzero. Thus K/ kerKρ is nonempty. Therefore, using Theorem 7.1(b) and
condition 3 in Proposition 7.2, we deduce that if ρ is integrally representable
then there exists [v] ∈ K/ kerKρ such that the quadratic form ρ[v] on L is strictly
positive definite i.e. has rank n. Thus there exists n-dimensional subspace in
K⊗L such that the quadratic form ρ is strictly positive when restricted to this
subspace. Thus its rank is at least n. 
One could expect that the rank of the integrally representable hermitian
2-form ρ always equals codim (kerKρ) · dim (L). An example presented below
contradicts this assertion. The example is a special case of the following propo-
sition, which gives an interesting class of integrally representable forms.
Proposition 7.6 Let f : Cn → C be a twice differentiable function (in the real
sense), such that its first and second conjugate derivatives are square integrable.
Denote by
Φ = D∗f = (∂∗1f, . . . , ∂
∗
nf) : C
n → Cn
the conjugate gradient of f . Then the hermitian 2-form ρΦ given by (3.1) is
separable on Cn ⊗ (Cn)∗ and its kernel contains all antisymmetric tensors.
18
Proof. From Theorem 3.1 the hermitian 2-form ρΦ is separable. So we need
to check that ρΦ(c) = 0 for every antisymmetric tensor c. But this is obvious
since the second conjugate derivative is a symmetric operator and therefore
ρΦ(c) =
∑
ijkl
1
(2i)n
∫
Cn
(cij∂
∗
i ∂
∗
j f(z))
∗
ckl∂
∗
k∂
∗
l f(z) dz
∗ ∧ dz
=
1
(2i)n
∫
Cn
∣∣∣∑
ij
cij∂
∗
i ∂
∗
j f(z)
∣∣∣2 dz∗ ∧ dz = 0, if cij = −cji.

Example 7.7 Consider a function f : Cn → C given by
f(z) = fψ(z) =
( 2√
πα
)n
e−
1
2α2
(4|z|2−4α2〈ψ,z∗〉+α4|w|2),
where α > 0 and ψ ∈ (Cn)∗. Denote by Φ(z) = D∗f(z) the conjugate differential
of this function and consider the mapping Φ : Cn → Cn. Thus Φ determines a
separable hermitian 2-form ρψ on Cn ⊗ (Cn)∗ with coefficients
(ρψ)ijkl =
1
(2i)n
∫
Cn
(∂∗i ∂
∗
j f(z))
∗
∂∗k∂
∗
l f(z) dz
∗ ∧ dz
=
16
(2i)n
∫
Cn
(ψi − zi
α2
)
∗
(ψj − zj
α2
)
∗
(ψk − zk
α2
)(ψl − zl
α2
)|f(z)|2 dz∗ ∧ dz.
Clearly, if ψs = ψ
r
s + iψ
i
s, for s = 1, . . . , n, then
|f(z)|2 =
( 2√
πα
)2n n∏
s=1
e−
4
α2
(xs−
α2ψrs
2 )
2
e−
4
α2
(ys−
α2ψis
2 )
2
.
Hence, using the Fubini theorem, one can integrate real and imaginary parts
separately. Using standard expressions for first four gaussian moments, one can
check that
(ρψ)ijkl = ψ
∗
i ψ
∗
jψkψl
+
1
α2
(ψ∗i ψlδjk + ψ
∗
jψkδil + ψ
∗
i ψkδjl + ψ
∗
jψlδik)
+
1
α4
(δikδjl + δjkδil).
Now if we evaluate ρψ at a general element c ∈ Cn ⊗ (Cn)∗, we obtain
ρψ(c) =
∑
ijkl
(ρψ)ijklc
∗
ijckl
=
∣∣∣∑
ij
ψicijψj
∣∣∣2 + 1
α2
∑
j
∣∣∣∑
i
ψi(cij + cji)
∣∣∣2 + 1
2α4
∑
i,j
|cij + cji|2.
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Therefore we see that ρψ(c) = 0 for every antisymmetric tensor c. On the
other hand if c is not antisymmetric then the third sum of the above expression
gives positive contribution to it. Thus rank of ρψ equals
n(n+1)
2 that is the
codimension of the space of antisymmetric tensors.
8 Concluding remarks
We presented integral formulas for separable mixed states of bi-partite finite
dimensional systems. The states which can be integrally represented are auto-
matically separable. Almost all separable states (in particular, all lying in the
interior of the set of such states) can be represented in the integral form.
There are natural questions related to our results.
Q1 The map Φ in the integral formula for a given state is not uniquely deter-
mined by the state. It would be advantageous to isolate a subclass of maps
Φ in which the representation is unique. Does it exist such a subclass?
Q2 Can the results be generalized to H = K ⊗ L, with infinite dimensional
K or L?
Q3 Can they be generalized to multi-partite systems?
We do not know the answer to question Q1. Answering question Q2 we see
that the space L = Cn can not be replaced by an infinite dimensional Hilbert
L˜ space because there is no natural measure on L˜ to be used in the integral
representation. On the other hand, it is possible to replace K = (Cm)∗ with
an infinite dimensional Hilbert space K˜. In this case a map Φ˜ : Cn → K˜∗
should play the role of the previous map Φ : Cn → Cm and statements (a)
in Theorems 3.1 and 3.2 remain true, with almost the same proofs. However,
statements (b) can not be true as Proposition 2.2 does not hold in the case of
infinite dimension. Namely, in this case the cone of separable hermitian forms
is closed, convex and nowhere dense in the space of all hermitian operators (see
[15]). Statements weaker then (b) follow from our results, by taking maps Φ˜
with images in finite dimensional subspaces of K˜.
Question Q3 seems to have a negative answer if we try to generalize our
approach literally. However, there is a different way of representing separable
states in an integral form, which works for multipartite systems, too. This
approach is a subject of a forthcoming paper by the same authors.
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